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Abstract
We show that supersymmetric gauge theories with a product gauge group
admit quasi-instantons, which, like instantons, sit at the absolute minimum
of the action in the corresponding topological sector. However, unlike ordi-
nary instantons which preserve part of the supersymmetry, these break all
supersymmetries of the action. We also provide a generalization where quasi-
instantons take value in the associated Lie algebra of the recently proposed
3-algebras. When the structure constants and the metric of the algebra are
covariantly constant, the gauge bundle admits new topological sectors with
quasi-instantons at the minimum of the action.
1 Introduction
Gauge theories with simple unitary gauge groups fall into distinct topological sectors
characterized by an integer instanton number over which one has to sum up to get
the partition function of the theory in Euclidean space. However, when the gauge
group is a direct product of two simple unitary gauge groups,1 the gauge bundle is
characterized by two such instanton numbers; one for each gauge group factor. In
other words, since there are two ways of invariant contracting of the gauge algebra
indices, we can write down two topological invariants for the gauge bundle. For
each such an invariant we can obtain a lower bound on the action which is saturated
either for (anti)instantons or (anti)quasi-instantons.
For gauge theories associated with a 3-algebra [1], a similar situation in four-
dimension arises. Given a 3-algebra, one can write down the associated Lie algebra,
on which the gauge fields take value, i.e., A = AabT
ab, with T ab the generators.
Interestingly, with the use of a fundamental identity, one can show that the structure
constants, fabcd, of the 3-algebra are invariants of the associated Lie algebra. The
algebra can also be endowed with an invariant positive definite metric hab. Having
been equipped with these two invariants of the Lie algebra, we can use them to
contract the Lie algebra indices. Further, if we require the structure constants and
metric be covariantly constant, we can write a new topological term:
∫
fabcd Fab ∧ Fcd , (1)
which, in turn, indicates the appearance of new topological sectors in the gauge
theory. We will focus on cases where this term sets a lower bound on the action
with the minimum value attained by quasi-instantons:
F ab =
1
2
fabcd ∗ Fcd . (2)
The admixture of the Lie algebra indices through fabcd on the right hand side has
an important implication for supersymmetry. For the special case of fabcd ∼ εabcd,
where the associated Lie algebra is so(4) ≈ su(2) ⊕ su(2), we will see that these
configurations, in contrast with instantons, break all supersymmetries of the action.
In the next section, we discuss the possibility of having quasi-instantons when
the gauge group is a direct product of two unitary groups. We will see that they sit
at the minimum of the action in topological sectors where two gauge factors have
instanton numbers of opposite signs. In section 3, we propose a generalization of
quasi-instantons using the structure constants of 3-algebras. We write a topolog-
ical term similar to the Euler class, and argue that this term sets a lower bound
on the action of quasi-instantons. In section 4, we move on to the discussion of
supersymmetry. It is observed that quasi-instantons classically break all supersym-
metries of the action. Since these configurations are at the absolute minimum of
1The discussion can easily be extended to gauge groups of more than two simple factors.
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the action it is quite plausible that supersymmetry is spontaneously broken. In this
case, it is important to investigate the implications for phenomenological theories
like supersymmetric quiver gauge theories.
2 Product Gauge Groups and Quasi-Instantons
Let us start our discussion with the following argument which is usually used to show
that instantons sit at the absolute minimum of the action and thus are solutions to
the equations of motions. First notice that
∫
tr [(F ± ∗F ) ∧ ∗(F ± ∗F )] ≥ 0 , (3)
where ∗ indicates the Hodge star. This implies
∫
tr (F ∧ ∗F ) ≥ ∓
∫
tr (F ∧ F ) = ∓k , (4)
for k the instanton number.2 The bound is saturated for (anti)instanton configura-
tions
F± =
1
2
(F ± ∗F ) = 0 . (5)
Notice that for (anti)instantons k is a (positive) negative integer, and hence the
minimum of Yang-Mills action is |k| for either instantons or anti-instantons.
To write down the quasi-instanton equations, we need to use the explicit algebra
indices. Let JA indicate the generators of the gauge group algebra. The gauge field
and the field strength take value in the Lie algebra
A = AAJA , F = FAJA . (6)
We use a normalization of the generators such that
tr (JAJB) = δAB , (7)
where A = (a, b) is a collective index; a and b take value in the two subalgebras. For
k we write
k =
∫
tr (F ∧ F ) =
∫
FA ∧ FA (8)
and the instanton equations (5) read
FAµν = ∓
1
2
ǫµνρσF
A
ρσ . (9)
Writing this way shows that the bound is saturated when we have only instantons
(anti-instantons) for both gauge groups.
2We drop a factor of 1
16pi2
from the definition of k for clarity in the equations.
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For gauge theories for which the gauge group is a direct product of two simple
gauge groups, apart from (8), there is yet another topological invariant. In fact,
since the Lie algebra is the direct sum of two simple Lie algebras, one can write
down the following invariant trace form
k′ =
∫
tr ′(F ∧ F ) =
∫
F a ∧ F a −
∫
F b ∧ F b , (10)
where we have split the Lie algebra index A = (a, b). Let us now repeat our argument
from the beginning of this section. The topological term in (10) allows us to get a
bound on the action
∫
tr (F ∧ ∗F ) =
∫
F a ∧ ∗F a +
∫
F b ∧ ∗F b . (11)
Note that
∫
[(F a ± ∗F a) ∧ ∗(F a ± ∗F a)] +
[
(F b ∓ ∗F b) ∧ ∗(F b ∓ ∗F b)
]
≥ 0 , (12)
where we have swapped the signs in the second term to account for the minus sign
in (10). Therefore
∫
F a ∧ ∗F a +
∫
F b ∧ ∗F b ≥ ∓
∫
F a ∧ F a ±
∫
F b ∧ F b (13)
so the bound is saturated if either
F aµν = −
1
2
ǫµνρσF
a
ρσ , F
b
µν = +
1
2
ǫµνρσF
b
ρσ , (14)
or
F aµν = +
1
2
ǫµνρσF
a
ρσ , F
b
µν = −
1
2
ǫµνρσF
b
ρσ . (15)
We call these quasi-instantons, as in contrast with instantons (9), here we have in-
stantons for one gauge subalgebra, and anti-instantons for the other. It is also obvi-
ous that quasi-instantons, (14) and (15), satisfy the equation of motion, DµF
A
µν = 0.
The action is minimized for quasi-instantons
S = |k1|+ |k2| , (16)
where
k1 =
∫
F a ∧ F a , k2 =
∫
F b ∧ F b . (17)
3 Generalization via 3-algebras
Triple algebras have naturally emerged in searching for a gauge invariant action
describing multiple M2-branes [1, 2]. In this construction the only free parameters
in the action are the structure constants of the 3-algebra. However, it has been
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shown that 3-algebras with totally antisymmetric structure constants are reducible
to the direct sum of a unique 3-algebra with the structure constants proportional
to εabcd [3, 4]. To get more general 3-algebras, it is therefore necessary to relax
some constraints on the structure constants (which consequently results in different
actions of M2-branes) [5]. In the following, first we begin with a discussion of the 3-
algebras with totally antisymmetric structure constants, and then consider the more
general case. We will see that the 3-algebras with a covariantly constant structure
constant and metric allow us to write down a new topological term of the gauge
bundle, indicating the appearance of new topological sectors in the gauge theory.
Further, we can generalize the quasi-instanton equations of section 2.
Let us begin with a brief review of 3-algebra definition, we refer to [1] for details.
Let T a’s indicate the generators of the algebra with a = 1, . . . , N .3 The triple
algebra is defined by
[T a, T b, T c] = fabcd T
d , (18)
where the structure constants fabcd satisfy the fundamental identity
f
efg
df
abc
g = f
efa
gf
bcg
d + f
efb
gf
cag
d + f
efc
gf
abg
d . (19)
The indices can be raised (lowered) with the following positive-definite metric
hab = tr (T a, T b) , (20)
then it is shown that fabcd = fabceh
ed is totally antisymmetric.
Following [1], the one-form gauge field is defined through
Aab = f
cda
bAcd ≡ (T
cd)abAcd , (21)
where we have introduced the matrices
(T cd)ab = f
cda
b (22)
to identify the algebra on which the gauge fields take value. Now using the funda-
mental identity (19), it is easy to see that T a’s form a closed Lie algebra:
[T ab, T cd] = −f cdaeT
be + f cdbeT
ae + fabceT
de − fabdeT
ce , (23)
where we have antisymmetrized with respect to ab ↔ cd and then rescaled the
generators.4 Note that the fundamental identity (19) implies that fabcd is an invari-
ant 4-form of the above Lie algebra.
Dropping the matrix indices, we write the one-form gauge fields as
A = AabT
ab , (24)
3The a and b indices in this section refer to the 3-algebra indices and should not be confused
with the Lie algebra indices of the previous (and also the next) section.
4A similar algebra with a central charge extension has also appeared in an infinite dimensional
generalization of 3-algebras [6].
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so that the field strength reads
F = dA+ A ∧ A = FabT
ab , (25)
which satisfies the Bianchi identity:
DF = dF + [A, F ] = 0 . (26)
Since fabcd are invariant 4-form of algebra (23), in writing an action for the
gauge fields, there are two ways of invariant contracting of the algebra indices. In
particular, we can form two topological invariants of the gauge bundle. The first one
is the ordinary second Chern class, and the corresponding instanton number (using
the metric and a proper normalization of the generators):
∫
F ab ∧ Fab , (27)
sets a lower bound for ordinary instantons
F ab = ∗F ab . (28)
As for the second topological term, we write:
∫
fabcd Fab ∧ Fcd , (29)
which is similar to the Euler characteristic of the SO(N) frame bundle.
Now, to write the quasi-instanton equations, we need to put further constraints
on the structure constants. Consider the matrix fabeff cdef which is symmetric in
ab↔ cd. Suppose this matrix has no degenerate eigenvalues and thus can be diag-
onalized. Further let us assume that it is non-degenerate. The structure constants
and the generators can then be rescaled such that we have
fabeffcdef = 2 (δ
a
cδ
b
d − δ
a
dδ
b
c) . (30)
This relation allows us to define a Hodge star like operation, ∗˜, on the Lie algebra
indices
(∗˜F )ab =
1
2
fabcd Fcd , (31)
which, through using (30), squares to one
∗˜2F = F . (32)
Hence we can write the quasi-instanton equations as follows:
F ab = ±
1
2
fabcd ∗ Fcd , (33)
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or more succinctly as
∗˜F = ± ∗ F . (34)
Note that for these to solve the equations of motion, the structure constants fabcd
and the metric hab on the triple algebra are needed to be covariantly constant. This
condition is equivalent to saying that the term (29) is a genuine topological term.
Also notice that, in writing the topological term, (29), or the equations, (33), the
structure constants are not needed to be totally antisymmetric, we only require
fabcd = −f bacd , fabcd = −fabdc , fabcd = f cdab , (35)
which are the same constraints appearing in the generalized 3-algebras [5, 7].
The squaring argument of the previous section shows that the quasi-instantons,
(33), have a minimum action of
∫
F ab ∧ ∗Fab = ∓
∫
fabcd Fab ∧ Fcd . (36)
For the special case of fabcd ∼ εabcd, the associated Lie algebra is so(4) ≈ su(2) ⊕
su(2), and therefore eqs. (33), with an appropriate change of basis, will reduce to
eqs. (14) and (15) of section 2.
4 Supersymmetry Breaking via Quasi-Instantons
In this section we will examine the supersymmetry breaking in theories with a prod-
uct gauge group, and with some matter field in the bifundamental representation
(like quiver gauge theories). In the absence of matter field, the supersymmetry of
the action can be enhanced to two supersymmetries, one for each gauge factor, and
the following argument for supersymmetry breaking can be evaded.
It is well known that in supersymmetric gauge theories on Euclidean space in-
stantons preserve half of supersymmetries. Explicitly, a non-trivial supersymmetric
background can be obtained by setting fermions to zero and then demanding super-
symmetry variation of fermions vanish. Consider, for instance, N = 1 supersymme-
try transformations of fermions. Setting D-terms to zero we have:
δλA = σµνǫ FAµν , (37)
and for λ¯
δλ¯A = ǫ¯σ¯µνFAµν . (38)
As σµν (σ¯µν) are (anti)self-dual, and since on Euclidean space ǫ and ǫ¯ are independent
of each other, we see that (anti)instantons are preserving half the supersymmetries.
Now, let us consider quasi-instantons in (14):
F a+µν = 0 , F
b−
µν = 0 , (39)
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where we recall that a and b refer to the two subalgebra indices. The supersymmetry
transformations, (37) and (38), in this background read
δλa = 0
δλb = σµνǫ F b+µν
δλ¯a = ǫ¯σ¯µνF a−µν
δλ¯b = 0 . (40)
Therefore it is seen that there is no way to preserve supersymmetry in this back-
ground; Q and Q¯ are both broken. Note that in computing the partition function or
the correlation functions of the theory, we have to sum over all different topological
sectors of the gauge bundle, and in so doing, we need to distinguish between two
kinds of bundles depending on the sign of instanton numbers of the correspond-
ing gauge groups: Bundles which are characterized by instanton numbers of the
same sign, and those with opposite sign instanton numbers. In the former case, we
do have classical supersymmetric backgrounds of (anti)instantons. However, in the
latter case, we cannot have classical supersymmetric backgrounds. By turning on
fermions and other scalars in the theory, it is unlikely to obtain supersymmetric
solutions having the same action as that of quasi-instantons. Further, since quasi-
instantons are exact classical solutions which break all supersymmetries, it seems
a semi-classical computation of the path integral around these vacua (like the ones
done in the case of instantons [8, 9, 10]) will result in a spontaneous supersymmetry
breaking. It is therefore important to examine this mechanism of supersymmetry
breaking in phenomenological theories, like supersymmetric quiver gauge theories,
which have the same kind of product gauge groups as the ones discussed above.
7
References
[1] J. Bagger and N. Lambert, Gauge Symmetry and Supersymmetry of Multiple
M2-Branes, Phys. Rev. D 77, 065008 (2008), [arXiv:0711.0955 [hep-th]].
[2] A. Gustavsson, Algebraic structures on parallel M2-branes, arXiv:0709.1260
[hep-th].
[3] G. Papadopoulos, M2-branes, 3-Lie Algebras and Plucker relations, JHEP
0805, 054 (2008), [arXiv:0804.2662 [hep-th]].
[4] J. P. Gauntlett and J. B. Gutowski, Constraining Maximally Supersymmetric
Membrane Actions, arXiv:0804.3078 [hep-th].
[5] J. Bagger and N. Lambert, Three-Algebras and N=6 Chern-Simons Gauge
Theories, arXiv:0807.0163 [hep-th].
[6] H. Lin, Kac-Moody Extensions of 3-Algebras and M2-branes, arXiv:0805.4003
[hep-th].
[7] S. Cherkis and C. Saemann, Multiple M2-branes and Generalized 3-Lie alge-
bras, arXiv:0807.0808 [hep-th].
[8] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Instanton
Effects In Supersymmetric Theories, Nucl. Phys. B 229, 407 (1983).
[9] D. Amati, K. Konishi, Y. Meurice, G. C. Rossi and G. Veneziano, Nonper-
turbative Aspects in Supersymmetric Gauge Theories, Phys. Rept. 162, 169
(1988).
[10] A. V. Belitsky, S. Vandoren and P. van Nieuwenhuizen, Yang-Mills and D-
instantons, Class. Quant. Grav. 17, 3521 (2000), [arXiv:hep-th/0004186].
8
